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Abstract 

Rational solutions for the Painleve IV equation are investigated by Hirota bilinear 
formalism. It is shown that the solutions in one hierarchy are expressed by 3-reduced 
Schur functions, and those in another two hierarchies by Casorati determinant of the 
Hermite polynomials, or by special case of the Schur polynomials. 



1 Introduction 



It is known that the six Painleve equations Pj-Pvi are the fundamental equations in the theory 
of nonhnear integrable systems in wider sense, and thus their solutions are regarded as the 
"nonlinear version of special functions" |^. Not only for the use of Painleve equations in physical 
context, they also have many interesting mathematical structures, one of which is the structure 
of particular solutions. As for the algebraic solutions, it is known that some of the Painleve 
equations admit rational solutions expressed by classical polynomials, e.g, Jacobi and Legendre 
polynomials for Pyi, Laguerre polynomials for Py and Hermite polynomials for Piv- However, 
there also arise some non-classical polynomials, as pointed out by Umemura^]. Typical example 
is the Yablonskii-Vorobe'v polynomials which appear in the rational solutions of Pn, 

_^ = 2y^ + ty + a. (1) 
Let Tm (m = 0, 1, ■ ■ ■) be polynomials generated recursively by 



^--[^) -\ (^^- - ^-+1^-0 ' T,-T,-l. (2) 
Then, it is known that 

l/ = ^log%±i (3) 

dt Tm 

satisfies Pn with a = — m — 1^,^. The characteristic polynomials are called the Yablonskii- 
Vorobe'v polynomials. To clarify the nature of these polynomials, it is useful to study the 
relation with the soliton equations. In fact, Pn is derived from the similarity reduction of the 
modified KdV equation. This fact implies that the Yablonskii-Vorobe'v polynomials are closely 
related to the r function which gives the rational solutions of the modified KdV equations. 
Based on this expectation, we have shown in the previous paper that Yablonskii-Vorobe'v 
polynomials are expressed as the specialization of the 2- reduced Schur functions 0. 
In this article, we investigate the rational solutions for Pjv, 

where a and (3 are parameters. There are various simple particular solutions of physical im- 
portance]^, and it is possible to obtain solutions of "higher order" by applying the Backlund 
transformations PJ^,|,0 which map one solution to another solution of Pjy with different values 
of parameters. As for rational solutions of Piv®, it is known that there are three hierarchies 
of unique rational solutions (the name of the hierarchies are due to Ref . |T0[| ) , 
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" — hierarchy": 

z 



w = ^"r]^l^ , {a,(3) = {±k,-2{l + 2l + kf), k,l eZ, I < -1, k < ~2l , (5) 



Qn 

" —2z hierarchy' 



P (z) 

w = -2z+ , {a,(3) = {k,-2{l + 2l + kf), k,l eZ, l>0, k<-l , (6) 



Quiz) 



2 

-z hierarchy": 



^ = -?^ + %7¥' ic^,P) = {2k,-2{±\ + 2lf), {2k + l,-2{±l + 2lY), k,leZ, (7) 
3 Qn{z) 3 3 

where Pm{z) and Qm{z) are some polynomials in z of degree m, and that there is no other 
rational solutions. 

Lukashevich has shown that the simplest solutions in the first two hierarchies are expressed 
by the Hermite polynomials ||11||. Okamoto has studied the Backlund transformations and shown 



that the log derivative of ratio of two-directional Wronskians of the Hermite polynomials give 
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the solutions of PivE]- Moreover, Muratai has pointed out that any solution in the -- 
hierarchy can be transformed to a solution in the —2z hierarchy, and vice versa. These facts 
strongly implies that these two hierarchies have the same nature, and the solutions may be 
expressed by log derivative of ratio of some determinants whose entries are related with the 
Hermite polynomials. Those determinants are called the r functions. We investigate these 
hierarchies by using the Hirota's bilinear formalism and show that all of the solutions in those 
hierarchies are expressed by the r functions which is nothing but the Casorati determinants (or 
equivalently, the Wronskians) of the Hermite polynomials. Moreover, the r functions are also 
expressible in terms of the Schur functions. 

The structure of the solutions in —^z hierarchy has been unknown, but Okamoto ||T2i has 
studied this hierarchy and obtained the following result. 

Proposition 1.1 (Okamoto) Let Qm, rn g Z>o, be polynomials in x generated by 

^ log + + 2m - 1 = , Qo = Qi = l. (8) 



Then 



satisfies Piy, 



cPu 1 (du\' 3 , 9 ( „ i \ 1 
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Similarly, let Rm, fn G Z>o, he polynomials in x generated by 

72 



d , „ 2 I o Rm+lRm-l 

— logRm + x +2m = — , 

dx^ RL 



Rq =1, -Ri = X. 



Then 



satisfies Pjv, 



d Rm+l 



d'^u 



du 



2u 



(12) 



(13) 



The characteristic polynomials Qm and i?^ are called the Okamoto polynomials^]. Indeed, 
the solutions which are expressed by the Okamoto polynomials are special case of the — 12; 
hierarchy. 

The key to understand the nature of the Okamoto polynomials lies in the relation with 
soliton equations, as is in the case of Pn. In fact, several authors have pointed out the relation 



between Piv and the Boussinesq equation ||T^,|IJJTg,|T6[ which belongs to the 3-reduction of the 



KP hierarchy |[T7|] . This implies that some solutions of Pjv may be understood as the similarity 
reduction of the 3- reduced KP hierarchy. We show that the solutions in the —2/32; hierarchy 
is indeed the case, namely they are expressed by the 3-reduced Schur functions. 



2 — z Hierarchy 



Let us consider the Schur functions in xi, 0:2, ■■ ■ labelled by Young diagram Y = (ii, ^2, "^3, 
ii > ^2 > ■ ■ ■ > ii > 0, 

Pii Pii+i ■■■ Ph+i^i 

^ , , Pi2-l Pi2 Pi2+l-2 

Sy{xi,X2, ■■■) = 

Pil-l+l Pk-l+2 ■■■ Ph 

where pkS are polynomials in xi, X2, ■ ■ -defined by 

00 00 

Pk{xi, X2, ■ ■ ■)X'' = exp XkX'', Pn = {n < 0). 

k=0 n=l 

It is well known that Sy is a t function of the KP hierarchy |T7[ . 

We consider the 3-reduction of the r function, namely, we impose the condition, 

dry 



dx 



3k 



0, A; = 1,2, ••• . 



(14) 



(15) 



(16) 
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To realize this condition, it is sufficient to restrict the Young diagram as 

r = (M + 2n, M + 2n - 2, ■ ■ ■ , M + 2, (M - 1)^ ■ ■ ■ , 2^ 1^), 



(17) 



or 



,2M^). 



Y = {N + 2n-l,N + 2n-3,---,N + 1,N'^,{N - if, 

In fact, we can easily verify that the Schur functions associated with the above Young diagrams 
satisfy the condition ([16|) , noticing the relation, 

dpn 



dxk 



Pn-k 



(19) 



For notational simplicity, we rearrange the structure of the Schur polynomials associated with 
the Young diagrams (|T^ and (p!8|) as 



P2N-1 P2N P2N+1 

P2N-3 P2N~2 P2N-1 



N / 



P3 

Po 



Pi 
Pi 



P5 
P2 



P2M-2 P2M-1 P2M 

P2N-4 P2N-3 P2N-2 



P2 
P-1 



P3 Pi 

Po Pi 



(20) 



We can see the equivalence of and 3-reduced Schur functions in the following manner. 



5'(Af+2n,Af+2n-2,-,Af+2,M2,(M-l)2,-,l2) foT N = M + Tl > M, 
S(N+2n-l,N+2n-3,-,N+l,N2,(N~iy,-,l^) ioi N < M = N + Tl . 



(21) 



Then, we have the following theorem: 

Theorem 2.1 Let xi = x, X2 = \, Xk = 0(/c = 3,4, ■ ■ ■) in r^. Then 



w 



log 



T; 



N 



M+1 
'At . 



satisfies with 



Similarly, 



(a, p) = (2M - N + 1,-2{N + 



M,N ez 



(22) 



>o- 



w 



log 



T. 



N+1' 



M 
'M 



•-X, 



(23) 



(24) 



4 



1x2 



satisfies Piy Q) with 

(a, p) = (-M + 2N + 2, -2 (m + | j ) M, iV G Z>o. (25) 

Remark 2.2 

The above solutions cover all of the — |z hierarchy, which is easily verified by comparing the 
parameters (^) and (P3|) with (0). 

Moreover, we have: 

Corollary 2.3 T/ie Okamoto polynomials are the special case of 3-reduced Schur functions, 



Theorem |2.1| is proved by considering the similarity reduction of 3-reduction of the first modified 
KP hierarchy, namely, hierarchy of the Backlund transformations of the KP hierarchy. First 



three of the bilinear equations in this hierarchy are given by [17 



K - D.,) ri^+i ■ = 0, (27) 

(Df.^+3D.,D.,)ri^^i-ri^ = 0, (28) 
- 3DlD,, - QDl) T^,^, . < = 0, (29) 
where is the Hirota's bilinear differential operator defined by 

D:f-g={d.^-d^,rf{^)9{^')l=.'- (30) 
Next, we apply the similarity reduction. 

Lemma 2.4 Lei r^^ = r^(xi, X2, 0, 0, ■ ■ ■)■ Then 

d.^rZ = ^ ((M^ -MN + N' + N)tZ - x^d^.r^) . (31) 

Proof: Notice that pki the entry of r^, is a homogeneous polynomial in (xi,a;2,a;3, ■ ■ ■) with 
degree k if we define the degree of as k. Putting = (A; > 3), then t^j is a homogeneous 
polynomial in xi and X2 of degree — MN + A^^ + A^. Thus, if we set 

(32) 
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then fj^j depends only on t = This imphes 



rj njsr dt d ^ 1 Xi d ^ 



""-^JM- q^^^^Im 1/2 d/M, 



X2 

1 d 

Tl 

-2 



which yields 



Rewriting eg. (p5D in terms of t^^, we get eq. (pi]). 



(33) 
(34) 

(35) 



By using Lemma p.4[ | all the x^ derivatives in eqs.(|27|)-(p9D are rewritten in terms of X\ 
derivatives as 

3 



(36) 



K - ^ (-^1^4 + (2M - iV + \)D,, + ) rf.^i ■ r^^, = 0, (37) 



{-xiDl^ + {2M-N+ l)Dl - 2dx,Dx, 



D' - — 



respectively, where 



dxiDxj^f ■ Q fx\x-i9 fOxixi ) 
<9xi/ ■ 9 = dx.ifg) = fx^g + fgx^ ■ 



<m-^M = 0, (38) 

(39) 
(40) 



Putting xi = X and 0:2 = 4, we have: 



Proposition 2.5 rj^ = t^i{x, |, 0, ■ ■ ■) anc? r^_^^ = rj{^^;^(x, |, 0, ■ ■ ■) satisfy the following bi- 
linear equations, 

(dI + xDx - (2M - iV + 1)) tZ^, . = 0, (41) 
(dI - 3 [-xDl + {2M-N + 1)D, + dx)) r^,^, ■ r^, = 0, (42) 



Dl + ^xDl - 3{2x=^ + (2M - + l)}/}^ + i2x(2M - iV + 1)D, 



-6 (-dxD^ + 3x(9i - (3A^2 + 4A^ + 1) 



/V _ Q 



(43) 
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Now the proof of Theorem ^]T] is strait-forward. Dividing eqs.(p|) 
the formulas [p!^] , 

' M' M+1 



"y 'M'MH 



r)2 N . N 

' M' M+l 

^x'M ' M+1 
N 

'M'M+1 

f) r) N N 

'JxJ^xT^M 'M+1 
' M' M+1 



Pxx ~l~ 



+ ^(pxPxx + 



PXXXX + 4:(j)x(PxXX + ^Pxx + ^(t^xPxX + 



+ 0xP2 



where p = \og{T^jT^^^) and (f) = log(rj{}+i/rj{}), we get 

Pxx + <t>l + x(j), - (2M - iV + 1) = 0, 
(pxxx + ^'Pxpxx + 4>l- MPxx + 4>l) + 3(2M -N + 1)0^ - 3p^ = 0, 



and using 

(44) 
(45) 
(46) 
(47) 
(48) 



(49) 
(50) 



'>IPxx + 0^ 



Pxxxx + 40:r0x'xx + 'iPxx + 

+3x(0,,, + 30,p,, + 03) _ 3(2M - AT + 1 + 2x2) (p,, + 0^) 

+12x(2M - AT + 1)0, + 6(0,, + 0,p,) - 18xp, + 6(3Ar2 ^ ^ ^ g, 



respectively. Eliminating p and putting u 



— X, we obtain Piv, 



where, 



3 3 . 2 /9 2 o \ 36+1 

-— = — 1 — 1 + -M^ + Qxu^ + -x^ - 3a n . 

dx^ 2u\dx 2 V2 J 2u ' 



a = 2M - N + 1, b = 3N^ + 4:N + 1. 



(51) 



(52) 



(53) 



This gives the half of the Theorem |2.1| . Another half is proved in similar manner by starting 
from the bilinear equations, 



{K - Dx.^) rZ^' ■ < = 0, (54) 
(Df^+3D,,Djri^+i-ri^ = 0, (55) 
« - 3DlDx, - QDl) tZ^' . tZ = 0, (56) 
from which we get eq.(|5|) for u = (log t^+V^m) with a = -M + 2N + 2 and b = 3M^ + 2M. 



This completes the proof of Theorem 2.1 
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3 — and —2z Hierarchies 

z 

3.1 r Function 

As mentioned in the introduction, solutions in the — - and —2z hierarchies can be transformed 
each other by Backlund transformations. From the view of r functions, this fact suggests that 
their r functions are the same, and only the relation between the r functions and the dependent 
variable of Piv is different. 



Definition 3.1 Let Hn and Hn, n = 0, 1, 2 ■ ■ he polynomials in x defined by 

°° ^„ / , 1 



-T^nA" = exp (xX - -A 



n=0 

oo 



2 

-^H^V = exp f a;A + ^A^ 

71=0 



(57) 



(5^ 



respectively. Then we define the t functions t'^ and to be N x N determinants given by 

(59) 





Hn 


Hn+1 


■ Hn+N-l 


t" — 
— 


Hn+1 


Hn+2 


Hn+N 










Hn+N-l 


Hn+N ■ 


■ Hn+2N-2 




Hn 


Hn+1 


• Hn+N-l 




Hn+1 


Hn+2 


Hn+N 


-r" — 
— 










Hn+N-l 


Hn+N ■ 


■ Hn+2N-2 



(60) 



respectively. 

Then, the solutions in the — ^ hierarchy are expressed as follows: 
Theorem 3.2 



w 



V2 lo£ 



' N+l 



N 



V2 



X 



give rational solutions of Piy with 

(a,p) = {-{n + 2N + l),-2n^), n, N e Z, n > 1, N>0. 

Moreover, 



w 



X, 



'N 



give rational solutions of Piy with 

(a,/3) = (n + 2Ar+ l,-2n2), n, iV G Z, n > 1, > 0. 



(61) 

(62) 
(63) 

(64) 
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Here, several remarks are in order. 



Remark 3.3 

1. Parameterization eq.(|62|) is equivalent to eq.@ with a = — if we put k = n + 2N + l and 
/ = — (A^+1). Moreover, eq . (^) is equivalent to eq.(^) with a = if we put k = n+2N+l 
and / = — (A^ + 1). Hence the solutions in Theorem ^]2| cover all of — hierarchy. 



2. As shown in the proof, n do not have to be necessarily integers and hence Hn can be the 
Hermite- Weber functions. In fact, we need only the recursion relations. 



-Hn — xHn = —Hn+i, —Hn = uHn-l- 



(65) 



ax ax 
Moreover, r function admits several expressions. 
Remark 3.4 

1. It is possible to express the solutions in terms of the Wronskian, since we have the relation. 



Hn 
Hn+l 



Hn+1 
Hn+2 



Hn+N-l 
Hn+N 



Hn+N-l Hn+N ' ' ' Hn+2N-2 
Hn+N-l 



N-1 
k=l 



d TT 

^Hn+N-l 



d TT 

^Hn+N-l 



d2 



^Hn+N-l 



n+N-1 



n+N-1 



(i) Hn+N-l {-£) H, 

which can be verified by using eq.(|65l). 



n+N-1 



(A) 

\dx) 



2N-2 



H 



n+N-1 



(66) 



2. As is obvious from the Wronskian expression eq.(^), gives only a constant, which 
yields solution of Piv- Thus only the cases of n > 1 give nontrivial solutions. 



3. r functions are also expressed by the Schur functions. In fact we have, for example. 



T. 



N 



[n + N-1)- ^■.N{N-l)/2q ^ n \ 



(67) 



where, 



k- = ki^k-iyS''-^^ ■■■2\H\\ 

which can be verified by noticing 



Hn = ^ Pn{x,l,0,---), 
nl 2 



(6^ 



and eq.(|6^). 
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For the solutions in the —2z hierarchy, the following expression is valid. 



Theorem 3.5 

^ = v^(flog%') ^=^^, (69) 



N 



give rational solutions of Pjy with 

{a,p) = {N -n,-2{n + N + n, N e Z, n>0, N>0. (70) 

Remark 3.6 

1. Parameterization eq. (^) is equivalent to eq.(P), if we put k = N — n, I = N. Hence the 
solutions in Theorem p]5| covers all the solutions in the —2z hierarchy. 



2. Another r function ( |60D can give the solution of the same type for Piy. In fact, we 
can show that 



w 



-v/2|log(S±i) .= -1=., (71) 



\2\ 



satisfies Piv with the parameters {a,j3) = [n — N, — 2(n + + 1)^). This parameterization 
is also equivalent to eq.(^, if we put k = n — N, I = n. However, the uniqueness of the 
rational solutions0,0 implies that they give the same solution as given in Theorem |375 . 



In fact, we can check that w and w are the same if we exchange n and N. 
3.2 Proof of Theorems 



In this section, we give the proof of the Theorems |3.2| and |3.5| . The first half of Theorem 
a direct consequence of the following proposition. 



IS 



Proposition 3.7 r]^ satisfies the following bilinear equations: 

(dI - xDx + n) r^+, ■ = 0, (72) 

(^Dl - 6xDl + (5x2 + ^ _ 4^ _ 2)D, + ^ - 5nxj t^^^ ■ = 0, (73) 

- AxDl + (llx^ -8n- 28N - U)Dl - "^^D^ - 2x{Ax^ - 3n - 20N - 10)^^ 

- 3x4- + 8nx^ - n(9n + 28N + 14) ) rj^,-. ■ rj^ = . (74) 
ax 



The second half of Theorem |3]J is derived from the following bilinear equations: 
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Proposition 3.8 fj^ satisfies the following bilinear equations. 

[dI + xD., - n) f;^+, ■ = 0, 



Dl + QxDl + (Sx^ -n + AN + 2)D^ " ^ " ^nx j f;^+i • = 



(75) 
(76) 



d 



(dI + AxDl + (llx^ + 8n + 28A^ + U)Dl + 2— /^^ + 2x(4a;2 + 3n + 20A^ + 10)D^ 



d 



- 3a;— - 8ra^ - ni^n + 28Ar + 14) fl,. ■ = Q 
dx 



Finally, Theorem 3.5 is obtained from the following bilinear equations: 



Proposition 3.9 r]J- satisfies the following bilinear equations. 

(dI -xD^ + u-N) t^^, ■ T^-^' = 0, 



D't - 6xDl + {5x' + n- N)D, + - 5{n - N)x 1 t^^^ ■ t^+^ = 0, 



(77) 



(78) 
(79) 



(d^ - AxD't + (llx^ - 8n - 28iV - 18)Dl + - 2x(Ax^ - 3n - 15N - 9)D^ 

^ dx 

- + 8(n - N)x'^ - (9^2 + lOA^n + 14n - 21 N"^ - 22N)\ r^^-^ ■ t^+^ = 

(JjUj j 



^0) 



To prove the Propositions p.7| - p.9| , we first introduce the notation T^y'. 



Definition 3.10 Let Y = {ii,i2i - ■ ■ lih) be a Young diagram. Then we define an N x N 
determinant T^y 

Hn Hn+l ■ ■ ■ Hn+N-h-l Hn+N-h+ih ' ' ' Hn+N-2+i2 Hn+N-l+h 

Hn+1 Hn+2 ■ ■ ■ Hn+N-h Hn+N-h+l+ih ' ' ' Hn+N -1+12 H^+N+h 



NY 



n+N-l Hn 



H, 



n+2N-h-2 Hn+2N~h-l+i 



h 



n+2N-3+i2 Hn+2N-2+i 



(81) 



It is possible to derive the bilinear equations from the Pliicker relations which are identities 
between the determinants whose columns are shifted. In fact, Proposition ^]^is obtained from 
the following identities: 



Lemma 3.11 



n n n n _i_ n n ri 



(82) 
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n n I n 



.n n 

TV 'iv+iEF 

.n n 
TV ' Af+lE 



. 



^3) 
^5) 



Proposition is derived from the same identity in f^. Similarly, we get Proposition |3.9| from 



the identities, 
Lemma 3.12 



n _n+l 



n+1 

'N+l'N nrn 



I n n+1 _ 
^ ' N+l' N m - 


= 0, 


I n n+1 
] 'TV+l 'TV cm 


= 


-1 1 ^n^n+1 
□ + ^JV^Af+l^ 


= 


1 n+1 ra 


1 = 



We give the derivations of Lemmas |3.11| and |3.12| in the appendix. 

We next construct the shift operators which are differential operators generating t]^y 
by using the technique developed in refs. pO| and0. In fact, we have: 



(86) 
(87) 
(88) 
(89) 

from 



Lemma 3.13 



ND 



d_ 

dx 



+ xN\t 



N- 



(90) 



Proof. Notice that r^^ is expressed by 

/ -f^n+l Hn+2 
Hn+2 Hn+3 



n+N 



n+Af+l 



Hn+N \ 
Hn+N+l 

Hn+2N-l / 



/An 
A21 



A12 
A22 



Va 



Nl 



A 



N2 



AiTv 
A27V 

Ann I 



(91) 



where Ajj is the (i, j)— cofactor of and A ■ B denotes a standard scalar product for N x N 
matrices A = (aij) and B = [bij) which is defined as 

N 

A- B= (^ijbij = Tr A^B. 
is rewritten by using the recursion relation (|65D as 

/ dxHn dxHn+i ■ ■ ■ d^Hn+N-l \ 

d'xHn+l dxHn+2 ' ' ' dxHn+N 



(92) 



The first matrix of 



\dxH, 

( Hn 



n+N-1 



dxH, 



x-n-n+N 



+ X 



n+1 

-f^n+1 Hn+2 



n+N-l 



n+N 



■ ■ ■ dxHn+2N-2 / 
Hn+N-1 \ 
Hn+N 

Hn+2N-2 / 



(93) 
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Then applying the dot product to eg . ( ]93|) , we get 



NO 



Thus we have proved Lemma |3.13 . 

For the shift operators of second order, we have: 



Lemma 3.14 



'Arm 



1 

2 [dx^ 



(2N + l)x-^ + x'^NiN - 1) - N(N + n + 1)] r" 
ax / 



d 



(2N - l)x^ + N(N - l)x'^ + N(N + n - 1) r 
dx 



Proof. We consider 



T-'^ _|_ 



Hn+2 Hn+3 



\ Hn+N Hn+N+1 
( ^Dll Api2 • • • ApiiV \ 
^□21 ^022 ■ ■ ■ ^U2N 



Hn+N-1 Hn+N+1 \ 
Hn+N Hn+N+2 

Hn+2N-2 Hn+2N / 



V ApATi ApAr2 ■ ■ ■ ApATTv / 

where Apj^ is (i, j) cofactor of ttvp- The first matrix in the right-hand side is equal to 

/ dxHn dxHn+l ■ ■ ■ dxHn+N-2 dxHn+N \ 

dxHn+l dxHn+2 ' ' ' dxHn+N-1 dxHn+N+l 

\dxHn+N~l dxHn+N ■■■ dxHn+2N~l dxHn+2N-l J 

' Hn Hn+1 ■ ■ ■ Hn+N-2 Hn+N \ 

Hn+1 Hn+2 ■ ■ ■ Hn+N~l Hn+N+1 
+ X . . . 

\Hn+N-l Hn+N ■■■ Hn+2N-1 Hn+2N-1 J 

Applying the dot product to eq.(^), we obtain, 



dx^ 



d_ 

dx 



- 2xN-^ -N + x^N^ rj^f 
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Next we consider the following equality, 



n n 

'Arm ^A^B ~ 



/ Hn+2 
Hn+3 



Hn+3 
Hn+A 



Hn+N+1 \ /A 



Hn+N+2 



I ^11 
A21 



V Hn+N+1 Hn+N+2 " " " Hn+2N / 



A12 
A22 



A2JV 



The first matrix of the right hand side of ( |100| ) is rewritten as 

^ dxHn+i dxHn+2 " " " d^H^+N ^ 

dxHn+2 dxHn+3 " " " dxHn+N+l 



V Aati AAr2 ■ ■ ■ ^NN ' 



V dxHn+N dxHn+N+1 
^ Hn+1 Hn+2 

Hn+2 Hn+3 
+ X . 

\ Hn+N Hn+N+1 ' 

The first matrix of eg. (|101|) is rewritten as 

{n + 2)Hn+i 
(n + 3) Hn+2 



( {n + l)Hn 
(n + 2)Hn+i 



+ 



V (n + N)Hn+N^i {n + N + l)Hn+N 
[ {n + l)Hn {n + l)Hn+i ■■ 
in + 2)Hn+i {n + 2)i7„+2 • • 



\{n + N)Hn+N-i {n + N)Hn+N 

/O Hn+l ■■■ iN-l)Hn+N~l\ 
Hn+2 ■■■ {N-l)Hn+N 



■ dxHn+2N~l J 

Hn+N \ 
Hn+N+1 

Hn+2N-1 j 



(n + N)Hn+N-i \ 
{n + N + l)Hn+N 

■ {n + 2N -l)Hn+2N-2j 
{n+l)Hn+N-l \ 

{n + 2) Hn+N 



{n + N)Hn+2N-2j 



\0 Hn+N ■■■ {N -l)Hn+2N-2l 

Applying the dot product to eg. ( |102| ), we get 

[{{n + 1) + ■ ■ ■ + (n + AT)} + 1 + ■ ■ ■ + (iV - 1)] r;^ = N{N + n)r;^ 

Moreover, from the second term of eg. (|101|) , we have 

d 



Finally, we obtain 



r^m - = [-x^ + x'N - N{N + n) j r 



N 
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From eqs. (|99D and ( |103| ), we obtain eqs. (^) and (|96D . Thus we have proved Lemma 3.14 . 



Continuing the similar but tedious calculations, we get the following shift operators of third 
order: 



Lemma 3.15 



6 



d 



+ 3(A^ + l)x— + (-(3A^^ + 6A^ + 2)x' + 3A^^ + MN + 7N + 2n + 3) — 



dx^ dx^ 
+ Nx{{N + 1)(A^ + 2)x^ - 3nN - 3N^ - 4n - 9N - 6) 
1 



N 5 



1 

6 



r 



dx 
(104) 

Tn (105) 



d^ d^ d 

-— + 3Nx— + ((-3N^ + l)x^ -n + N)— + Nx((N^ - l)x^ + 2n) 
dx'^ dx^ dx 

■— + 3x{N - 1)— + ((-3A^2 + 6A^ - 2)x^ - MN + 2n- + 7N- 3) — 



+ Nx{{N'^ -3N + 2)x^ + 3nN - 4n + 3A^^ - 9A^ + 6) 



N 



(106) 



Now we are ready to prove the Proposition p.7| . Substituting the shift operators in Lemmas 
p:T3l and into the identities (|82|) and (|8|) in Lemma |3Tl|, we get eqs. (^ and (|73D. 
Equation (j7^) is obtained in similar manner by using the shift operators of fourth order, which 
will be given in the appendix. This completes the proof of Proposition ^.7| . Proposition ^ 



IS 



proved from the identities in Lemma |3.12| . Finally, to prove Proposition |3.8| , it is necessary to 
calculate the shift operators for f^. We omit the detailes, but this is done just by replacing 
the recursion relations eq.(B^) by 



d 

dx 



Hn + xHn = Hn+l, 



d_ 

dx 



n-l- 



(107) 



Thus proof of Theorems 3.2 and p.5| is completed. 



4 Concluding Remarks 

In this article, we have investigated the hierarchies of rational solutions for Piv, and shown 
that 

1. Solutions in —2/32; hierarchy are expressed in terms of 3-reduced Schur functions. In 
particular, the Okamoto polynomials are nothing but their special cases. 

2. Solutions in —2z and —l/z hierarchies are expressed in terms of Casorati determinant of 
the Hermite polynomials. Moreover, they are also expressed by special cases of the Schur 
functions. 
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It might be an important and interesting problem to characterize the non-classical polynomials 
which appears in the algebraic solutions of the Painleve equations listed in[|| by studying the 
determinant expressions with the aid of results of the soliton theory. 

We finally note that after obtaining the results, the authors were informed that Noumi and 
Yamada have independently obtained the Schur function expression for the rational solutions 
of PivF 
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A Derivation of Pliicker Relations 

We consider the following identity of {2N + 2) x {2N + 2) determinant, 

^0 1 ■■■ A^- 1 I \ N N + 1 

' 







where "fc" denotes the column vector, 







N -2 \ N N + 1 



and 



/ Hn+k \ 
Hn+k+l 

\ Hn+k+N-1 j 





Vi/ 



Applying the Laplace expansion on the right hand side of eq.( |108| ), we 

= |0, ■ ■ ■ , A^ - 2, A^ - 1, A^l X |0, ■ ■ ■ A^ - 2, A^ + 1, ( 
- |0, ■ ■ ■ , A^ - 2, A^ - 1, A^ + 1| X |0, ■ ■ ■ A^ - 2, A^, () 
+ |0,---,Ar-2,A^ - l,0i| X |0,---Ar-2,Ar,A^ + 

n n n n , n n 



get 



(108) 



(109) 



:iio) 



[111) 
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which is nothing but eq. (|82|) . Similarly, eq. (|83|) is derived from the following identity, 

1 ■■■ N-1 \ I N N + 2 (j) 

i ■■■ N -2 i + 2 (j) 

Moreover, we have the following higher order identities: 

1 ■■■ A^- 1 i \ N + 3 i 







= |o, 
-|o, 
+ |o, 



IL IL It. IL \^ II IL 



I ■■■ iV-2 I A^ + 3 

,A^-2,Ar - l,Ar| X |O,---A^-2,A^ + 3,0i| 

, AT - 2, AT - 1, A^ + 3| X |0, ■ ■ ■ AT - 2, AT, 0i| 
, AT - 2, A^ - 1, 0i| X |0, ■ ■ ■ A^ - 2, A^, A^ + 3| 



(112) 



(113) 








1 ■ ■ ■ 


N - 


-1 1 


N + 1 N + 2 











■■■ A^- 


2 \ N+1 N+2 


= 


0,- 


■■,N- 


2,N 


- l,Ar+ 1| X |0,-- 


■N -2,N + 2,(f),\ 


- 


0,- 


■■,N- 


2,N 


- l,Ar + 2| X |0,-- 


■N -2,N + l,(f)i\ 


+ |o,- 


■■,N- 


2,N 


-l,0i| X \0,---N 


-2,N + 1,N + 2\ 


n n 




] ■ 



(114) 

Identities between T^+iy and r^y^ are derived only by replacing 0i in the above identities 



by 







(115) 



B List of the Shift Operators 



' Ncccn 



24 



— - 2(2A^ + 3)x— + [{6N^ + 18N + ll)x'^ - 6nN - 8n 



6N^ - 22N 



18} — 



d 



+ X {(-4A^^ - 18A^^ - 22A^ - Q)x^ + 12N^ + l2nN^ + 58A^^ + 30nA^ + 12n + 78A^ + 25} — 



+ A^ { (A^^ + 6A^^ + llA^ + 6)x^ - (6nA^2 + 22nA^ + ISn + 6A^^ + 36A^^ + 66A^ + 36)x^ 



+ 3A^^ + 2>n^N + 6nN^ + 18N^ + 6n^ + 24nA^ + 22n + 33A^ + is} 



N ; 



(116) 
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^-2x(2iV+l)-^ 



6N^ + 6N- l)x^ - 2nN - 2N^ - 6A^ - 2} 



+ xU-m^ - + 2N + 2)x'^ + 4rf - 2nN -4:n + AN^ + lON^ + 2N-3\-^ 
+ N [{N^ + 2N^ - N - 2)a;^ + {-2N^ - AN^ - 2nN^ + 2nN + 6n + 2N + A)x^ 



N'^ + n^N - 2nN^ - 2N'^ 



'N ) 



1 

12 



2n^ - AnN -2n + N + 2} 

- 4.Nx-^ + \(6N^ - + 4n + 2N} 
ax* dx"^ ax^ 

+ X [2N{-2N'^ + l)x^ - 6nN - 2N^ + l} 4" 

+ N [n{N^ - + 2nNx^ + 3N^ + 3n^N + 6nN'^ - 2n - 3N] 



'N ) 



(117) 



(118) 



j4 j3 j2 

— + 2x{-2N + l)-r-, + - 67V - l):,^ ^ ^^j^ ^ ^^2 _ giV + 2} — 



+ x[{-AN^ + 67V^ + 2Ar - 2)x^ - AN^ - AnN^ + lOA^^ _ 2nN + An-2N -3} — 

UjJU 

+ [{N^ - 2N'^ - N + 2)x^ + {2nN^ + 2nN - 6n + 2A^^ - AN'^ - 2N + A)x^ 
- n^N + 2n^ - 2nN^ + AnN - 2n - + 2N'^ + N - 2}" 



AT ) 



T"r 



24 



rf3 



(119) 

d^ 



— + 2x{-2N + 3)— + UgN^ - 18N + ll)x'^ + 6N'^ + 6nN - 22N -8n+ is} — 

+ X {(-4A^=^ + 18A^2 - 22iV + Q)x^ - 12N^ - UnN"^ + bSN"^ + 3QnN - 12n - 78N + 25} 

+ N [{N^ - 6N^ + UN - 6)x^ + {6N^ + 6nN^ - 36N^ - 22nN + ISn + 66N - 36)x^ 

+ 3N^ + 3n^N + 6nN^ - 18N^ - 6n^ - 2AnN + 22n + 33N - 18}] t^. (120) 
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